We present an exact diagonalization study on layered J1 − J2 antiferromagnetic Heisenberg spin model to examine the role of frustration induced by inplane next-nearest neighbor coupling J2, in presence of interlayer antiferromagnetic coupling J ⊥ . A finite lattice of 24 spins in layered geometry of (4 × 3) ⊕ (4 × 3) is considered and the resulting Hamiltonian matrix diagonalized using Davidson iterative algorithm to obtain the ground and a few low-lying excited states. The lattice size (24 spins with Hilbert space dimensionality of 2704156 in S tot z = 0 subspace) has been kept relatively small because of the large number of runs required to sample J1 −J2 −J ⊥ parameter space. Quantities like spin-gap, Shannon entropy, spin-spin correlation(SSC), static spin structure-factor, magnetic specific-heat and magnetic susceptibility are calculated for various values of spin-spin coupling parameters. With increase in interlayer coupling, the system is driven to states with long range order and the interval of quantum paramagnetically disordered state, sandwitched between Néel and collinear ordered states, narrows on the scale of inplane frustration parameter.
I. INTRODUCTION
The discovery of high temperature cuprate superconductors [1] triggered a renewed interest in quasi two-dimensional(2D) antiferromagnetic Heisenberg spin model due to the belief that superconductivity is closely associated with the antiferromagnetic ordering in copper oxide planes in undoped parent compounds [2, 3] . In this regard, the antiferromagnetic J 1 − J 2 quantum spin- 1 2 model on 2D square lattice, with J 2 as frustration parameter, has been studied extensively [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . The quantum fluctuation induced by frustration destroys the semiclassical Néel order, characterized by the magnetic wavevector (π, π). Beyond a critical value of J 2 , the frustration drives the spin system to a new semi-classical order called the collinear order characterized by the magnetic wave-vector (π, 0) or (0, π). At zero temperature, the quantum spin system is believed to have Néel order for 0 ≤ J 2 /J 1 < 0.4 and collinear order for 0.6 < J 2 /J 1 ≤ 1. For intermediate values 0.4 ≤ J 2 /J 1 ≤ 0.6, the system is believed to exist in quantum paramagnetically disordered state [14, 15] . The boundary of the quantum paramagnetic−collinear order has not been conclusively pinned down and there has been work to suggest it to be at J 2 /J 1 = 0.65 [16] [17] [18] or more.
More recently, iron based superconductors have been found to have layered structure [19] and provide further motivation to study J 1 − J 2 − J ⊥ model [20] [21] [22] [23] . The * mahfoozulhaque@gmail.com role of J ⊥ on J 1 − J 2 model has been examined through several schemes like coupled-cluster, rotation-invariant Green's function [24] , effective field theory [25] , self consistent spin wave theory, series expansion and first order spin-wave theory [22, 26, 27] . For the antiferromagnetic 2D J 1 − J 2 model in the intermediate regime of inplane next nearest neighbor coupling 0.4 ≤ J 2 /J 1 ≤ 0.6, it has been found that the quantum paramagnetic order narrows down [4, 22, [24] [25] [26] with increase in interlayer coupling J ⊥ . The critical value of J ⊥ at which the paramagnetic order disappears, has not been uniquely found and appears to depend strongly on the method of study employed [4, 22, [24] [25] [26] .
In the present work we use exact diagonalization to study, at zero as well as finite temperatures, the layered frustrated quantum spin- 
where i, j and i, j are inplane nearest and next nearest neighbors respectively and i, j represents the interplane nearest neighbors; the couplings J 1 , J 2 , J ⊥ being the isotropic exchange integrals for the respective neighbors which have been taken to be positive.
In order to validate our exact diagonalization code, we carried out diagonalization on 16 site spin- Heisenberg antiferromagnet for several values of next nearest-neighbor exchange coupling J2. Here J1 is taken to be 2, as in reference [28] .
the spin-1 2 Hamiltonian for 4 × 4 lattice with nearest and next nearest neighbor couplings J 1 and J 2 . The ground and first two excited state energies per spin along with total spin of the respective states are given in Table I and is in agreement with the results of [28] . The same code has earlier been used to analyze the quasi-1D characteristics of Sr 2 CU(PO 4 ) 2 and Ba 2 CU(PO 4 ) 2 [29] and the calculated values were found in good agreement with experimental results. This paper is organized as follows. In section II, we present the physical quantities that are to be calculated in subsequent sections. Section III describes the 24−site finite lattice for our model calculation. In section IV, we present our numerical results on the finite lattice considered for J 1 − J 2 − J ⊥ quantum spin- 
II. PHYSICAL QUANTITIES CALCULATED
In order to obtain finite temperature quantities, we require to calculate the canonical partition function
where d is the dimensionality of the many-body Hilbert space. For the antiferromagnetic system, the order parameter, staggered magnetization, is defined as [30] 
where Q is the magnetic wave-vector and the sum on the right hand side is over all the lattice sites. In the thermodynamic limit, m s is non-zero in the ordered phase and zero in the disordered phase where the angular brackets · · · denote the ensemble averaging. For a finite system, however, m s vanishes for all phases due to rotational symmetry in spin space and it becomes more appropriate to consider the square of the order parameter, the static spin structure-factor defined as
where the sums i, j run over all the N lattice points. The quantity E α |S i · S j | E α represents the SSC between i th and j th spins for the α th energy eigenstate. At zero temperature, the SSC becomes
where |E 0 is the many-body ground state. The spins S o and S r are the reference spin and its r th neighbor respectively.
Another thermodynamic quantity of interest is the magnetic specific heat given as
where S tot (E α ) is total spin of α th eigenstate corresponding to eigenvalue E α
The z-component of the magnetic susceptibility for an isotropic system is given as [31] (6) where S tot is the total spin of the eigenstate, µ B the Bohr magneton and g the electron Lande g factor.
III. THE FINITE LATTICE FOR MODEL CALCULATION
A. The Finite Lattice
We consider a two-layered lattice containing 24 spins with 12 spins in each two-dimensional layer in (4 × 3) geometry shown in Fig.(1) . It will, henceforth, be referred to as (4 ×3)⊕(4×3) lattice with J 1 , J 2 being the inplane nearest and next nearest neighbor couplings respectively and J ⊥ the interlayer coupling. Each layer is described by a J 1 −J 2 frustrated antiferromagnetic Heisenberg(FAFH) spin model. In the two-layered lattice considered here, there are four spins in the x-direction and three spins in the y-direction. We, therefore, use periodic boundary condition (PBC) along x-direction and, in order to avoid geometrical frustration, open boundary condition (OBC) along y−direction . Since there are only two layers along the z−direction, use of PBC leads to double counting of the interlayer coupling and hence, in our calculation, J ⊥ is taken twice its value used in a multi-layered system studied, say, in reference [24] where several layers of J 1 − J 2 model has been examined using coupled-cluster method. The Hilbert space dimensionality for a spin- system on a 24-site lattice is 2 24 = 16777216 ≈ 10 7 . As discussed in the next subsection, it suffices to work in S z tot = 0 subspace, which has projections from all the total spin states S tot and leads dimensionality of the Hamiltonian matrix reduce to 2704156, which we diagonalize iteratively to obtain the ground and a few low-lying excited states using Davidson algorithm for large sparse matrices.
B. The Ising basis
It is readily seen that the Hamiltonian in Eq(1) commutes with the square of the total spin S 
where k runs over the dimensionality of the N -spin Hilbert space in the given S z tot subspace.
IV. NUMERICAL RESULTS
In the numerical results presented here, all the exchange couplings and energies have been measured in units of the inplane nearest-neighbor coupling J 1 .
A. The spin-gap
The spin-gap is defined as the difference of energies of the lowest triplet state and the singlet ground state [32] 
where E 0 (S tot = 1) and E 0 (S tot = 0) are the lowest eigenenergies in the subspace S tot = 1 and E 0 (S tot = 0), repspectively. It has been reported that the spin-gap has non-zero values in quantum paramagnetic regime of a 2D J 1 − J 2 model [33] . In Fig.(2) , we present spin-gap ∆ T vs inplane frustration parameter in the interval 0 ≤ J 2 /J 1 ≤ 0.8 for different values of interlayer coupling J ⊥ /J 1 . We observe that, at a given value of J ⊥ /J 1 , the spin-gap ∆ T increases slowly, attains a maximum, with (a diverging) peak at J 2 /J 1 ≈ 0.55 and then decreases with the inplane frustration parameter, indicating the existance of a gapful paramagnetically disordered state [34] in the interval 0.4 < J 2 /J 1 < 0.7. For small value of J ⊥ /J 1 = 0.1, we get ∆ T /N ≈ 0.04 at J 2 /J 1 = 0.55 in agreement with the vlaue of ∆ T (∞) reported in [35] for an open rectangular cylinderical lattice. As the interlayer coupling J ⊥ /J 1 is increased, the ∆ T vs J 2 /J 1 curve shifts downward i.e. the value of spin-gap decreases with increase in interlayer coupling. The peak of the plots becomes narrower with increase in J ⊥ /J 1 , over the frustration parameter interval 0.4 < J 2 /J 1 < 0.7. This indicates that the region of gapful paramagnetically disordered regime shrinks on J 2 /J 1 scale with increase in J ⊥ /J 1 . We further observe that the ∆ T vs J 2 /J 1 plots for J ⊥ /J 1 = 0.7 and J ⊥ /J 1 = 0.6 coincide i.e. an increase in the interlayer coupling beyond J ⊥ /J 1 = 0.6 does not affect the spin-gap. It is to be stated here that since our exact diagonalization calculation considers only two layers of J 1 −J 2 model and double count the interlayer coupling, the value of J ⊥ /J 1 in our case is indeed twice the value in a multi-layered lattice considered, for example, in reference [24] . It has been reported in reference [24] that the paramagnetically disordered state vanishes at J ⊥ = 0.3J 1 and the system goes directly from semi-classical Néel order to semi-classical collinear order.
B. Spin-spin correlation: Zero temperature
In order to show the consistency of our results with the known results regarding various orders of 2D J 1 − J 2 lattice on J 2 /J 1 scale, we consider the static SSC for the ground state and its variation with J 2 /J 1 as well as J ⊥ /J 1 . In Fig.(3a) , we present the variation of the inplane SSC with J 2 /J 1 for the first(n=6), second(n=10), third(n=7) and fourth(n=11) neighbors (Fig.(3b) ). The inplane first(n=6) and third(n=7) neighbors along x-axis along which PBC has been used, the SSC takes negative values (anti-parallel spins) and positive values (parallel spins), respectively, for all values of J 2 /J 1 , i.e. spin 6 and spin 7 remain antiparallel and parallel, respectively with respect to the reference spin 5, irrespective of whether the system is in the semiclassical Néel or the semiclassical collinear state. However, the second(n=10) and the fourth (n=11) neighbor SSC goes from positive to negative and negative to positive values, respectively crossing each other at J 2 /J 1 ≈ 0.55, as J 2 /J 1 ∈ [0, 1] is increased. That is to say, for values of J 2 /J 1 < 0.4, a spin system on 2D square lattice exists in semiclassical Néel ordered state whereas for values of J 2 /J 1 > 0.7, the system acquires semiclassical collinear order. These results are consistent with known results for 2D J 1 − J 2 FAFHM spin model [36] . Fig.(4a) shows the variation of inplane nearest neighbor correlation between the 5th and 6th spins with J 2 /J 1 for various values of J ⊥ /J 1 . The inplane nearestneighbor SSC attains a (negative) maximum between 0.4 ≤ J 2 /J 1 ≤ 0.7 indicating that the short range correlation (disorder) is dominant in the said interval of frustration parameter J 2 /J 1 . It is also seen that as the interlayer coupling J ⊥ /J 1 is increased, the height of (negative) peak decreases, i.e. short range correlation decreases with increase in J ⊥ /J 1 in the interval 0.4 ≤ J 2 /J 1 ≤ 0.7. However, when the interlayer coupling is made significant i.e. J ⊥ /J 1 > 0.10, the inter-plane first neighbor SSC attains a peak between 0.4 ≤ J 2 /J 1 ≤ 0.7 with accompanying decrease in inplane first neighbor SSC, indicating the shrinking of quantum disorder in the said interval of inplane frustration parameter, as seen in Fig.(4a) .
C. Zero temperature static spin structure-factor
Another quantity we examine is the zero-temperature static spin structure-factor S(Q) defined in equation (4) . In the Néel order dominates whereas for large values of J 2 /J 1 , the spin-structure factor S (π, 0, π) corresponding to the collinear order dominates. It is to be noted that in our calculation S (π, 0, π) = (0, π, π), because PBC has been used along x-direction only, whereas OBC has been used along y-direction. For intermediate values of frustration parameter in the interval 0.4 ≤ J 2 /J 1 ≤ 0.7, the spin structure factor S (Q) corresponding to several magnetic wave-vectors Q have comparable values, implying that several of the competing magnetic orders coexist in the said interval leading to quantum paramagnetically disordered state. As the interlayer coupling is increased to a large value, say J ⊥ /J 1 = 0.6J 1 , the spin structure factor S(π, π, π) corresponding to Néel ordering takes markedly large values for J 2 /J 1 ≤ 0.4 whereas for J 2 /J 1 ≥ 0.7, it is the spin-structure factor S(π, 0, π) corresponding to collinear order that takes markedly large values, as seen in Fig.(5b) . For intermediate values of inplane frustration parameter 0.4 ≤ J 2 /J 1 ≤ 0.7, the spin structure factors S (π, π, π) and S (π, 0, π) vary very sharply and the region of quantum paramagnetically dis-ordered state becomes narrower on J 2 /J 1 scale. This can be seen as the paramagnetically disordered state tending to disappear with increase in interlayer coupling.
D. Shannon Entropy
At zero temperature, the quantum mechanical ground state of the Frustrated Antiferromaggnetic spin-1 2 system described by the Hamiltonian in equation (1) can be viewed as a statistical mixture of Ising basis states, equation(7). Accordingly, the Shannon entropy (SE), widely used in information theory, can be defined [37] 9) where N is the number of spins and
is the probability of the ith Ising basis state in the variational wavefunction |Ψ obtained through exact diagonaliztion of the Hamiltonian matrix. Since there are 2 N basis states for N spin− ation of Shanon Entropy(SE) with inplane frustration parameter J 2 /J 1 for different values of interlayer couplin J ⊥ /J 1 . With the interlayer coupling taken to zero, the system becomes a set of two independent layers of (4 × 3) lattice with PBC along x−direction and OBC along y−direction. The SE vs J 2 /J 1 plot for a (4 × 3) lattice has been shown by red solid line and labeled as Fig.(6) . For a better comparison with a more realistic two-dimensional lattice, we present in inset, SE vs J 2 /J 1 plot for a 24−spin (6 × 4) lattice in which PBC has been imposed both along x− and y− directions. In the parameter intervals 0 ≤ J 2 /J 1 < 0.4 and 0.7 < J 2 /J 1 ≤ 1, we obtain large values of Shanon Entropy(SE) implying that the system fluctuates around the semiclassical Néel state and the semiclassical collinear state, respectively. The shanon entropy is minimum at a value of inplane frustration parameter J 2 /J 1 a little less than 0.6, implying that some kind of order-by-quantumdisorder [38, 39] takes place in spin configuration space in the parameter interval 0.4 < J 2 /J 1 < 0.7. As we increase the J ⊥ /J 1 , values of SE increases in the regime of small and large values of J 2 /J 1 , whereas the depth of the the plot in the intermediate regime 0.4 < J 2 /J 1 < 0.7 corresponding to the disordered state takes further dip. This indicates the narrowing of intermediate quantum mechanically disordered regime on J 2 /J 1 scale, with increase in interlayer coupling [22, [24] [25] [26] .
E. Specific heat and magnetic susceptibility
In order to calculate a thermodynamic quantity, we require, in principle, the ground state and all the excited states. This may be computationally prohibitive for most of the systems of interest. However, quantum fluctuation arising due to frustration is important only at low temperatures where only a few low-lying excited states are relevant to any thermodynamic quantity. We, in the present calculation, take only the lowest six eigenstates, to examine the effect of J ⊥ on specific heat and magnetic susceptibility for the (4 × 3) ⊕ (4 × 3) lattice. We find that for the Hamiltonian in equation(1), the lowest six eigenstates belong to S tot = 0, 1 and 2 subspace in the parameter regimes 0 ≤ J 2 /J 1 ≤ 0.4 and 0.7 ≤ J 2 /J 1 ≤ 1 whereas in the intermediate regime, 0.4 < J 2 /J 1 < 0.7, most of the low-lying eigenstates are singlet (S tot = 0) and a few are triplet (S tot = 1). The magnetic specific heat and the z-component of magnetic susceptibility, calculated with lowest six eigenstates, for the layered lattice (4 × 3) ⊕ (4 × 3) are presented in the following.
Specific Heat
It has earlier been observed [15, 40] that in a J 1 − J 2 FAFH Model, as the frustration parameter is increased over the interval 0 < J 2 /J 1 ≤ 0.5, the systme goes from ordered Néel state to disordered paramagnetic state; correspondingly, the peak of the specific heat curve sharpens and its position shifts to lower temperatures. With further increase in the frustraion parameter J 2 /J 1 beyond 0.5, the system goes from disordered paramagnetic state to ordered collinear state and correspondingly, the peak of the specific heat broadens and its position shifts to higher temperatures. Accordingly, the above distinct be-haviour of the specific heat peak vs temperature, as the system goes from disordered to ordered state or vice-veras can be extended to examine the role of J ⊥ /J 1 on the inplane magnetic order.
In Figure(7a) , we present specific-heat vs temperature plot with inplane frustration parameter J 2 = 0.2J 1 lying in the regime of semi-classical Néel ordered state in a pure 2D antiferromagnetic J 1 − J 2 model [4, 32, 36] . The specific-heat peak monotonically shifts to higher temperatures as the interlayer coupling is increased from small to large values i.e. J ⊥ /J 1 = 0.1, 0.3, 0.6. The specific heat curve is sharpest for J ⊥ /J 1 = 0.1, the smallest of the values considered. The specific-heat vs temperature curve flattens and the height of the peak decreases with increase in interlayer coupling. From calculations on small lattice of spins such as the one in the present work, it is difficult to conclude whether the peak of the specificheat corresponds to any phase transition or is just an energy crossover. Similarly, in Figure( 7c) with inplane frustration parameter J 2 = 0.8J 1 lying in the regime of semi-classical collinear ordered state for a pure 2D antiferromagnetic J 1 − J 2 model [4, 32, 36] , the specific-heat vs temperature curve again flattens and the position of the peaks shifts to higher temperatures with increase in J ⊥ .
However, in Figure( 7b) with inplane frustration parameter J 2 = 0.6J 1 lying in the regime of quantum paramagnetic disordered state for a pure 2D antiferromagnetic J 1 − J 2 model [4, 32, 36] , the specific-heat vs temperature shows an entirely different behavior: no shifting of peak position is observed when the interlayer coupling J ⊥ is increased from 0.1J 1 to 0.3J 1 and 0.6J 1 .
Thus as the interlayer coupling is increased, the system is driven to an ordered state namely the Néel oreder state or the collinear ordered state, depending on the value of the inplane frustration parameter J 2 /J 1 . On the other hand, when the system is already in paramagnetic disordered state, an increase in interlayer coupling leads to no chnange in inplane magnetic order.
In figure(8) , we present magnetic specific heat vs temperature at given values of J ⊥ /J 1 for different values of inplane frustration parameter. We observe in Figure(8a) that for J ⊥ = 0.1J 1 , the specific heat peaks are sharp and occur at k B T /J 1 = 0.222 in the quantum paramegnetic regime corresponding to inplane frustration parameter values J 2 /J 1 = 0.4, 0.5, 0.6, 0.7; the peak occures at lower temperatures compared to other values of J 2 /J 1 = 0.2, 0.8 lying in the Néel ordered and collinear ordered state, respectively. At J ⊥ = 0.3J 1 in Figure(8b) , the specific heat peaks for J 2 /J 1 = 0.5, 0.6, 0.7 corresponding to paramagnetic regime are sharp and occur at k B T /J 1 = 0.212, again lower than the temperatures at which specific heat curve peaks for J 2 /J 1 = 0.2, 0.4 corresponding to Néel ordered state and J 2 /J 1 =, 0.8 corresponding to collinear ordered state. At significantly higher value of interlayer coupling J ⊥ /J 1 = 0.6, we observe in Figure( 0.5, 0.6 corresponding to paramagnetic regime, for which the peaks are sharper and occur at a lower temperature k B T /J 1 = 0.212 implying the shrinkig of quantum paramagnetic rgime with increase in interlayer coupling. For reference, we plot in Figure( 8d) the magnetic specific heat vs temperature for different values of inplane frustration parameter J 2 /J 1 for a 4×3 lattice of 12 spins. As J 2 /J 1 is increased from 0.2 to 0.4, 0.5, 0.6, the specific heat peaks sharpen and shift to lower temperatures. However, as it is further increased to J 2 /J 1 = 0.7, 0.8, the specific heat peak begins to flaten and shift to higher temperatures.
Thus the above observations on specific heat vs temperature curve can be summarized as follows: at small value of interlayer coupling J ⊥ /J 1 = 0.1, there is a quantum paramagnetic order in 0.4 < J 2 /J 1 < 0.7 regime whereas at J ⊥ /J 1 = 0.6, the quantum paramagnetic regime narrows to 0.5 < J 2 /J 1 < 0.6, implying the tendency of the paramagnetic regime to vanish with increasing interlaeyr coupling. For the finite lattice like the one in the present study, we do not expect to observe the vanishing of quantum paramagnetic regime as the interlayer coupling is incresaed due to finite size effects. layer coupling J ⊥ /J 1 . In Figure(9a) , we observe that at small value of interlayer coupling J ⊥ /J 1 = 0.1, the system tends to shift towards magnetically disordered state leading to quantum paramagnetic order and the magnetic susceptibility reduces with increase in frustration parameter from small values J 2 /J 1 = 0.2 corresponding to the Néel ordered state to intermediate values J 2 /J 1 = 0.4, 0.5, 0.6 corresponding to paramagnetically disordered state. The magnetic susceptibilities corresponding to J 2 /J 1 = 0.5 and 0.6, almost coincide and remain lowest in the entire range of temperature considered in the figure.
Magnetic Susceptibility
At a higher value of interlayer coupling J ⊥ /J 1 = 0.3 in Figure( 9b), the magnetic susceptibility for J 2 /J 1 = 0.2 and J 2 /J 1 = 0.8 corresponding to the Néel and collinear ordered state respectively increases slightly but the susceptibility of the paramagneticaly disordered state corresponding to J 2 /J 1 = 0.4 0.5 and 0.6 is enhanced significantly; the magnetic susceptibility curve corresponding to J 2 /J 1 = 0.6 remains lowest in comparision to susceptibility curves for other values of J 2 /J 1 , in the entire range of temperature considered in the figure.
With further increase in interlayer coupling with J ⊥ /J 1 = 0.6 in Fig.(9c) , the peak value of magnetic susceptibility curves for the paramagnetically disordered state corresponding to J 2 /J 1 = 0.4, J 2 /J 1 = 0.5 and J 2 /J 1 = 0.6 is further enhanced and almost coincides with each other. Furthermore, the magnetic susceptibility curve is enhanced significantly for J 2 /J 1 = 0.8 corresponding to collinear ordered phase. However, the magnetic susceptibility corresponding to J 2 /J 1 = 0.2 remains large and of the same order of magnitude regardless of the values of J ⊥ /J 1 in the entire range of temperatures considered in the figures(9 a,b,c)
If we look at the position of the magnetic susceptibility humps for different values of inplane frustration parameter J 2 /J 1 , it shifts towards lower temperatures with increase in J 2 /J 1 exhibiting signature of quantum paramagnetic disorder, as lesser thermal energy is required to cause thermal disorder. After further increase in J 2 /J 1 , the system re-orders and the hump begins to shift towards higher temperatures.
In Fig.(10) , we present magnetic susceptibility vs temperature for different values of interlayer coupling J ⊥ /J 1 at three given values of inplane frustration parameter J 2 /J 1 .
In Fig.(10a) with J 2 /J 1 = 0.2, the system is believed to exist predominantly in S(π, π, π) ordered state corresponding to semiclassical Néel order and consequently we do not observe significant variance in magnetic susceptibility curve with increase in interlayer coupling J ⊥ /J 1 , in the entire range of temperature considered in the figure.
In Fig.(10b) with J 2 /J 1 = 0.6, the system is believed to exist in quantum paramagnetic disordered state and hence the magnetic susceptibility for small values of interlayer coupling J ⊥ /J 1 = 0.1, 0.3, takes small values in the entire range of temperature considered in the figure. When the interlayer coupling is increased to large value of J ⊥ /J 1 = 0.6, the system re-orders (i.e. the quantum paramagnetic disorder disappears and the magnetic susceptibility increases significantly in the entire range of temperatures considered in the figure.
In Fig.(10c) with J 2 /J 1 = 0.8 the system is believed to exist in S(π, 0, π) ordered state, corresponding to semiclassical collinear order and the magnetic susceptibility is observed to be higher even at small values of interlayer coupling J ⊥ /J 1 = 0.1, 0.3 with respect to their values with J 2 = 0.6J in Fig.(10b) . However, when the interlayer coupling is increased to large value of J ⊥ /J 1 = 0.6, the magnetic susceptibility increases significantly in the entire range of temperatures considered in the figure.
The magnetic susceptibility corresponding to J ⊥ /J 1 = 0.6 remains large and of the same order of magnitude regardless of the values of J 2 in the entire range of temperatures considered in the figures(10 a,b,c) . If we observe the magnetic susceptibility hump, it moves towards higher temperatures implying that the system is being driven to a more ordered state as we increase the interlayer coupling, in agreement with Mermin-Wagner theorem [41] .
The increment in magnetic susceptibilities of paramagnetically disordered state with increase in J ⊥ implies that the quantum parmagnetic ordered state tends to vanish and the spins re-order themselves as the interlayer coupling is increased.
V. SUMMARY OF RESULTS AND DISCUSSION
We have presented an exact diagonalization study on J 1 − J 2 − J ⊥ model for a 24-spin layered lattice in (4 × 3) ⊕ (4 × 3) geometry to examine the role of interlayer coupling on the inplane magnetic order. For a quasi-2D J 1 − J 2 model, the paramagnetic region is found to extend from J 2 = 0.4J 1 to J 2 = 0.7J 1 . As we increase the interlayer coupling, the value of spin-gap in the paramagnetic region reduces since the interlayer coupling stabilizes the inplane order and thereby lowers the degree of disorder in paramagnetic regime. We further observe that the spin-gap vs J 2 /J 1 curves coincide for J ⊥ /J 1 = 0.6 and 0.7, implying that, J ⊥ = 0.6J 1 is the saturation value of the interlayer coupling beyond which the spin gap does not change with J ⊥ /J 1 . For an multilayered lattice [24] , the corresponding saturation value will be J ⊥ = 0.3J 1 , half the value for our two layered lattice, after correcting for double counting.
At zero temperature, for small values of interlayer coupling, the inplane first-neighbor SSC becomes maximum in paramagnetic region i.e. short range order is dominant in paramagnetic regime. As the interlayer coupling is increased, the inplane first-neighbor SSC reduces i.e. short range correlation decreases in quantum paramegnetic regime. This is corroborated by our results on static spin structure factor also. In the quantum paramagnetic regime, S(π, π, π) corresponding to Néel order decreases and S(π, 0, π) corresponding to collinear order increases slowly with J 2 /J 1 when J ⊥ /J 1 is small. However, when J ⊥ /J 1 is increased to 0.6, the change in S(π, π, π) and S(π, 0, π) becomes steeper indicating that in the thermodynamic limit, S(π, π, π) may crossover directly to S(π, 0, π) and the intervening quantum paramagnetic regime disappears.
We observe that the specific heat vs temperature curve is flat in ordered states like Néel or collinear state but as the system enters quantum paramagnetically disordered state, the specific heat vs temperature curve acquires a sharp peak. For small values of interlayer coupling, we observe a sharp peak in specific heat vs temperature curve for the inplane frustration parameter interval 0.4 ≤ J 2 /J 1 ≤ 0.7 corresponding to paramagnetically disordered state. However, as the interlayer coupling is increased to a significant value, say J ⊥ /J 1 = 0.6, a sharp peak in specific heat vs temperature curve is observed in the narrowed interval 0.5 ≤ J 2 /J 1 ≤ 0.6, indicating the shrinking of quantum paramagmetically disordered regime on J 2 /J 1 scale.
From the (z-component of) magnetic susceptibility vs temperature plot we observe that the value of magnetic susceptibility in ordered states like Néel or collinear state is higher compared to its value in quantum paramagnetically disordered state. In the paramagnetically disordered state corresponding to the inplane frustration parameter interval 0.4 ≤ J 2 /J 1 ≤ 0.7 for small values of interlayer coupling J ⊥ /J 1 , the peak height of magnetic susceptibility curve is small. As J ⊥ /J 1 is increased, the height of the magnetic susceptibility peak increases in the above interval of inplane frustration parameter, implying that the interlayer coupling drives the system to an ordered state.
In summary, the results presented in preceding sections show that for small values of interlayer coupling J ⊥ /J 1 , the system is in (a) semi-classical Néel ordered state for J 2 /J 1 < 0.4 (b) semi-classical collinear ordered state for J 2 /J 1 > 0.7 and (c) quantum paramagnetically disordered state for 0.4 < J 2 /J 1 < 0.7. As J ⊥ /J 1 is increased [24] , the interval of quantum paramagnetic disordered state on J 2 /J 1 scale, narrows and long range order sets in. It has earlier been reported [24] that for a multilayered lattice with J ⊥ = 0.3J 1 , the paramagnetically disordered state vanishes and as J 2 /J 1 is increased, the system goes directly from semi-classical Néel order to semi-classical collinear order. In our study on finite lattice, on increasing J ⊥ /J 1 , the intervening paramagnetically disordered regime narrows on J 2 /J 1 scale but does not vanish due to finite size effect.
